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GENERALIZED METRIC SPACES: SURVEY
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ABSTRACT. In this paper a review of some well known generalizations of metric spaces is given.
Special attention is focused on on a detailed overview of a relatively new generalization of metric
spaces, the so-called S-metric spaces, new fixed point results as well as theirs applications.
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1. INTRODUCTION
We start our paper by recalling the basic metric spaces.

Definition 1.1. Let X # () and d: X x X — [0,00) be such that:
M) d(z,y) =0 if and only if x =y,
Ms) d(z,y) = d(y,x) for all z,y € X,
Ms) d(z,z) < d(x,y) + d(y,z) for all x,y,z € X.

Remark 1.1. If in Definition 1.1 instead of Ms3) we have d(x,z) < max{d(x,y),d(y,2)} for all
x,y,z € X the space is called ultra-metric space.
Very interesting paper in the sense of ultra-metric space is [14].

Theorem 1.1. Fvery metric space is Hausdorff.

Let (X1,d1), (X2,d2),...,(Xn,dn) be a metric spaces. Then we can define a product of metric
spaces in the following way:

X1 X - XXn:{(CL'l,...,xn), x; EXi,izl,Q,...,n}.
Now we can define a mapping D as follows:

D((w1,. .y 2n), (Y15, Yn)) = lgliﬁdi(xz‘,yi),

for every (x1,...,20n), (Y1, yn) € X1 X -+ X Xp.
Theorem 1.2. D is a metric on X1 X Xo X --- x X,,.

Proof. We shall prove that all of the conditions M; — M3 are satisfied.
M) D((z1,...,2n), (Y1,-..,yn)) = 0 is equivalent to d;(z;,y;) = 0 for every ¢ = 1,...,n.
Since d; is a metric we have that z; = y; for everyi = 1,...,n,and so (z1,...,2,) = (Y1, -, Yn)-
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M>) Symmetry follows from

D((z1,... @), (Y155 Yn)) = lf;l%ﬁldi(fvi»yz‘) = fg&%di(yzﬁﬂ?i) = D((Y1,- -+ Yn) (T1,...,20)).

M3)

D((z1,...,xn), (Y1, Yn)) = [nax di(zi,y;) < 11;1%);(%(%21) + d(zi,5))

< N ).
= fg%xn dz(:Ela Zz) + 1%1%}% d(zw yz)

=D((x1,..-,2n), (21, -, 2n)) + D((21, -+ -5 2n), (Y1, -+ -y Yn))-

Therefore, the product of metric spaces (X1,dy), (Xa2,d2), ..., (Xn,dy) is a metric space (X7 X
Xo % -+ x Xn, D). 0

We can define a product of metric spaces on one more way: If X = (z1,...,2,) and ¥ =
(Y1,-..,yn) and Dg(X,Y) = > | |z; — yi| then (X x Y, Dg) is a metric space too.
A first generalization of a metric spaces is given in the following definition.

Definition 1.2. Let X be a set. A mapping d: X x X — [0,00) is called a pseudodistance if
and only if for any x,y,z € X, we have

my) d(z,z) =0,

m2) d(xvy) = d(y,$)7

m3) d(z,y) < d(z,z) + d(z,y).

The pair (X,d) is called a pseudometric space.

Obviously every metric space is a pseudometric space. A pseudometric space is a generalized
metric space in which the distance between two distinct points can be zero. Pseudometric spaces
are not necessarily Hausdorff. The difference between pseudometrics and metrics is entirely
topological. That is, a pseudometric is a metric if and only if the topology it generates is Tp;
(i.e. distinct points are topologically distinguishable). By using equivalence relations xy if d(x,
y) = 0 pseudometric space is a metric space.

Let (X;,d;), i =1,2,...,n be a pseudometric, and let X = (x1,...,2,), Y = (y1,-..,Yyn) be
points in the product X; x X9 x --- x X;,. Then

n
Ds(X,Y) = Zdz(ml,yl) and Dy, (X,Y) = max{d;(z;,y;) : 1 =1,2,...,n}.
i=1
The next generalization is a quasi metric space.

Definition 1.3. Let X be a set. A mapping d : X x X — [0,00) is called a quasi-distance if
and only if for any z,y,z € X, we have

Q1) d(z,y) = 0 if and only if x =y,

Q2) d(z,y) < d(z,2) + d(z,y).

In this case, the pair (X,d) is called a quasi-metric space.

In [19] the authors claim that every quasi-metric space is also a metric space. But in [10] an
example of a quasi-metric is given which is not a metric.

Example 1.1. Let X =R and d be defined by d(z,y) = { v | Y, o

x>y

Then d is a quasi-metric on X but d is not a metric on X.
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Let (X,d) be a quasi-metric space. Since d satisfies all of the properties of a metric space
except the triangle inequality, we can define a map dx : X x X — [0,00), such that d* (x,zx) =
inf " d(x;, zi+1), where the infimum is taken over all sequences = = zg,...,zp4+1 = x* in X.
Therefore, d+ satisfies the triangle inequality. But, the problem with this approach is that
d(z,zx) could be 0 for different points z, x* and condition (M1) is not satisfied for (X, dx).

If (X, d) is a quasi-metric space, then we do not necessarily have uniqueness of the limit of a
sequence.

Definition 1.4. [49] Let X be a set. A mapping d: X x X — [0,00) is called a semi-distance
if and only if for any x,y € X, we have

Sdy) d(xz,y) =0 if and only if x = y;

Sdy) d(z,y) = d(y, z).

In this case, the pair (X, d) is called a semi-metric space.

Definition 1.5. [3, 6] Let X be a nonempty set and s > 1 be a given real number. A function
d: X x X —[0,00) is a b-metric on X if, for all x,y,z € X, the following conditions hold:

b1) d(z,y) =0 if and only if x =y,

bg) d(.’L‘,y) = d(y7 x)’

bs) d(z, z) < s[d(z,y) + d(y, z)] (b-triangular inequality).

In this case, the pair (X,d) is called a b—metric space (or metric type space).

If s = 1, then the triangle inequality in a metric space is satisfied. However it does not hold
true when s > 1. Thus the class of b—metric spaces is effectively larger than that of the ordinary
metric spaces. The following example illustrates the above remarks.

Example 1.2. [23] Let X = {—1,0,1}. Defined : X x X — R*" by d(x,y) = d(y,x) for all
z,ye X, d(z,x) =0, x € X, d(—1,0) =3, d(—1,1) =d(0,1) =1

Then (X, d) is a b— metric space, but not a metric space since the triangle inequality is not
satisfied. Indeed, we have that

0)=14+1=2<3=d(—1,0).

d(=1,1) +d(1
< 3(d(-1 ) d(1,0)), and therefore (X,d) is a b— metric

It is easy to verify that d(—1,0)
space with s = %

On the other hand, we have the following example.
Example 1.3. [33] Let (X, d) be a metric space and p(x,y) = (d(x,y))P, where p > 1 is a real

number. Then (X, p) is a b-metric with s = 2P~

Definition 1.6. [4|Let (X, d) be a b—metric space, x € X and {z,} be a sequence in X. Then
(i) {xn} converges to x if and only if lim d(x,,z) = 0. We denote this by lim z, = x or
n—oo n—oo
Tp = 2 (N — 00).
(ii) {zn} is a Cauchy sequence if and only if lim d(zy,zn) = 0.
n,m— oo

(11i) (X, d) is complete if and only if every Cauchy sequence in X is convergent.

Remark 1.2. [4]. In a b— metric space (X,d) the following assertions hold:
(i) A convergent sequence has a unique limit.
(ii) Each convergent sequence is Cauchy.
(iii) In general, a b-metric is not continuous.
Remark 1.3. For claim (iii), the reader is referred to see the Example 1.2. (]18]).

Theorem 1.3. [1] Let (X, d) be a b—metric space and suppose that {x,,} and {yn} converge to
x,y € X, respectively. Then we have
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s%d(x, y) < liminf, oo d(2n, yn) < limsup,,_,o d(zn, yn) < s2d(x,y).
In particular, if © =y, then lim d(z,,y,) = 0. Moreover, for each z € X we have
n—0o0

Ld(z,z) <liminfy o0 d(@n, 2) < limsup,, o d(zn, 2) < sd(z, 2).

Many mathematicians have tried to extend the concept of metric space in which it is defined
distance of three or more points.

Gahler ([12], [13]) first defined 2—metric space as follows:

Definition 1.7. Let X be a non empty set. A real valued function d on X x X x X 1is said to
be a 2—metric on X if
21) given distinct elements x,y of X, there exists an element z of X such that d(z,y, z) # 0,
29) d(z,y,z) = 0 when at least two of x,y, z are equal,
23) d(z,y,2) = d(z,z,y) = d(y, z,x) for all z,y,z € X,
24) d(z,y,2) < d(z,y,w) +d(z,w, z) + d(w,y, z) for all z,y,z,w € X.
When d is a 2—metric on X, then the ordered pair (X,d) is called a 2— metric space.

We can interpret d(z,y, z) as the area of the triangle spanned by x, y and z.
Remark 1.4. If, in the definition of a 2— metric, condition 24) is deleted, then the function d
15 called a semi-2— metric.
Remark 1.5. [11] A 2—metric is not a continuous function of its variables, whereas the or-
dinary metric is. Also a 2—metric space is not topologically equivalent to an ordinary metric.
Therefore there is no easy way to find relationship between results obtained in 2—metric spaces
and metric spaces. In particular, fixed point theorems on 2—metric spaces and metric spaces
may be incoherent. The following things are important in terms of a 2—metric space:

1. FEvery 2—metric is non-negative.

2. We may assume that every 2—metric space contains at least three distinct points.

After that Dhage in 1992 ([7]) gave another definition of space together with a function of 3—
variables.

Definition 1.8. Let X be a monempty set, and let R denote the real numbers. A function
D : X3 — R satisfying the following axioms:

D) D(z,y,z) > 0 for all z,y,z € X,

D) D(z,y,z) =0 if and only if z =y = z,

Ds3) D(z,y,z) = D(z,2,y) = ... (symmetry in all three variables),

Dy) D(z,y,2) < D(x,y,a)+ D(x,a,z)+ D(a,y, z) for all z,y, z,a € X. (rectangle inequality),

is called a generalized metric, or a D—metric on X.

D(z,y, z) may be interpreted as a measure of the perimeter of the triangle with vertices at x,
y and z.

If D(z,z,y) = D(x,y,y) for all z,y € X then D is called a symmetric D—metric.

Let (X, d) be a metric space. Then Dhange gave as examples of D-metrics on X;

(1) D(a,y,2) = §(d(w,y) + d(y, ) + d(z, 2)),

(d2) D(z,y,z) = max{d(z,y),d(y, z)d(x, z) }.

However, in [24], to satisfy the axioms of a D—metric it is not necessary that d satisfy the
triangle inequality, only that it be a semi-metric.

Unfortunately, most of the claims concerning the fundamental topological properties of D—metric
spaces are incorrect (see [24]) This claim provided inspiration for the formation of more general
concept called a G—metric space ([25]).

Definition 1.9. Let X be a nonempty set. Suppose that G : X x X x X — [0,400) is a function
satisfying the following conditions:
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G1) G(x,y,2) =0 if and only if t =y = z;

G2) 0 < G(x,z,y) for all x,y € X with x # y;

Gs3) G(z,z,y) < G(z,y,2) for all x,y,z € X withy # z;

Gi4) G(z,y,2) = G(x,2,y) = G(y,z,x) = ... (symmetry in all three variables);

Gs) G(z,y,2) < G(z,a,a) + G(a,y, z) for all z,y,z,a € X.
Then G is called a G-metric on X and (X, G) is called a G-metric space.

They claim that these properties are satisfied when G(x,y, z) is the perimeter of the triangle
with vertices at x,y, and z in R%. If a is in the interior of the triangle then G5) is the best
possible.

Definition 1.10. A G—metric space is symmetric if G(z,z,y) = G(y,y,x).

It was observed that, in the symmetric case, many fixed point theorems on G-metric spaces
are particular cases of existing fixed point theorems in metric spaces.

If (X,d) is an ordinary metric space, then d; and dy defined above defines a G—metrics on
X, and for this to be so it is now necessary that d satisfy the triangle inequality. Moreover, it
can be done and vice versa.

Theorem 1.4. Every G— metric space defined a metric space in the following way:

da(z,y) = G(x,z,y) + G(y,y, ), forall z,y € X.

Remark 1.6. Let (X,G) be a G—metric space and let d(z,y) = G(z,z,y). Then d is a
quasi-metric. Symmetry does not necessarily hold, because from the properties of G metrics that
G(z,z,y) < 2G(y,y,z), we can conclude that d(x,y), in the general case, is not a metric, only
a quasi-metric.

Proposition 1.1. Let (X,G) be a G-metric space, then the function G(x,y,z) is jointly con-
tinuous in all three of its variables.

Let (X;,Gi), i = 1,2,...,n be a G-metric spaces and let X = II? ;X;. Then a natural
definitions for a G—metrics on the product space X would be

n

Gi(z,y,z) = max {Gi(zi,vi,2z)} and Ga(z,y,z) = ZGi(:Ei,yi,zi).
1<i<n 1
However, unless all of the (X;, G;) are symmetric, G; and G2 may fail to be G—metrics (see
Example 2 in [25]).
Recently, Shaban Sedghi et. al ([39]-[42]) modified the axioms for a D—metric space and
defined D*-metric spaces and proved some basic properties and some fixed point and common
fixed point theorems in complete D*-metric spaces.

Definition 1.11. Let X be a nonempty set. A generalized metric (or D*-metric) on X is a
function, D* : X3 — [0 o0), that satisfies the following conditions for each x,y,z,a € X :

(1) D*(x,y,2) =

(2) D*(z,y,2) = 0 zf and only if vt =y = z,

(3) D*(z,y,2) = D*(p(x,y, 2)), (symmetry) where p is a permutation function,

(4) D*(z,y,2) < D*(x,y,a) + D*(a, z, 2).

The pair (X, D*) is called a generalized metric (or D*-metric) space.
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Immediate examples of such a function are
(a) D*(z,y, 2) = max{d(z,y),d(y, 2),d(z,2)},
(b) D*(,y, 2) = d(z,y) + d(y, 2) + d(z,z).
Here, d is the ordinary metric on X.

2. MAIN RESULTS

By modifying D—metric and G—metric spaces S. Sedghi et al. ([35]-[38],[43], [44]) introduced
the concept of an S-metric space. Namely, theirs definition is following:

Definition 2.1. Let X be a nonempty set. An S—metric on X is a function S : X3 — [0, +-00)
that satisfies the following conditions for each x,y,z,a € X :

S1) S(z,y,z) =0 if and only if x =y = 2.

S9) S (z,y,2) < S(z,x,a)+ S (y,y,a) + S (z,2,a).

The pair (X, S) is called S—metric space.

Sedghi et al. [36] gave the following remarks.

It is easy to see that every D*—metric is S—metric, but, in general, the converse is not true.
Example 2.1. Let X = R" and define

(1) S(z,y,2) = [lx+y —2z[ +[ly — 2| -

(2) S(x,y,z) =d(z,y) +d(x,z), where d is the ordinary metric on X.

(3) Let X = R? and d be an ordinary metric on X. Put S (z,y, 2) = d (z,y)+d (x,y) +d (y, 2)
for all z,y,z € R?; that is, S is the perimeter of the triangle given by x,y,z. Then S is an
S-metric on X.

(4) Let R be a real line. Then S (x,y,z) = |z —z|+ |y — 2| for all z,y,z € R is an S-metric
on R. This S—metric is called the usual S—metric on R. Furthermore, the usual S-metric space
R is complete (see the Definition 2.2 below).

(5) Let Y be a nonempty subset of R. Then S (z,y,z) = |v —z| + |y — 2| for all z,y,z € Y
1s an S-metric on Y. Furthermore, if Y is a closed subset of the usual metric space R, then the
S-metric space Y is complete.

Definition 2.2. Let (X, S) be an S—metric space.

1. A sequence {x,,} C X is said to S-converge to x € X if S (xp,xn,z) = 0 as n — oo; that
is, for each € > 0, there exists an ng € N such that for all n > ng, we have S (xn, z,,z) < . We
write T, — x for brevity.

2. A sequence {x,} C X is called an S-Cauchy sequence if S (xy, Tpn,Tm) — 0 as n,m — oo;
that is, for each € > 0, there exists an ng € N, such that for all n,m > ng we have S (xy,, Ty, ) <
€.

3. The S-metric space (X,S) is said to be S-complete if every S-Cauchy sequence is an
S-convergent sequence.

In the sequel we formulate as well as prove several (known) important properties for the
S-metric spaces:

Lemma 2.1. Let (X, S) be an S-metric space. Then, for each x,y € X it follows that S (x,z,y) =
Sy y, ).

Proof. Let x # y. According to (S2) we have

S(z,z,y) <28 (x,z,2)+ S (y,y,2) =0+ S (y,y,2) = S (y,9,2).
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Further, using the same idea, it follows that
Sy, 0) <28 (y,u,y) + S (,2,9) =0+ S (,2,9) = S (z,2,9) -
O

Lemma 2.2. Let (X,S) be an S- metric space. If there exist sequences {x,} and {y,} such
that limy, 00 n, = x and lim, o y, = ¥y, then

lim S(xp, Tn,yn) = S(z, x,y).

n—»c0
Proof. According to (S2) we have
S (n, Tnsyn) < 28 (@n, &0, ) + S (Yn Yn, 1)

< 25 (n, Tn, ) + 25 (Yns Yn, y) + S (z,2,y) .

On the other hand, also using (S2), we obtain
S(x,z,y) < 25(x,z,2,)+ S (y,y,Tn)
< 25 (2,2, @n) + 25 (4,4, Yn) + S (T, Tns Yn) -
Finally, we have
=28 (#n, Tn, ) = 28 Yns Yn, y) < S (@n, Ty yn) — S (2,2, y) < 28 (@, Tn, ) + 28 (Yn, Yns ¥) 5
or, equivalently,
IS (@n, Tny yn) — S (2, 2,9)| < 2(S (Tn, n, ) + S (Yny Yn,y)) — 0, when n — oo.
O

Lemma 2.3. Let (X,S) be an S- metric space. If there exist sequences {xy} in X such that,
for everyn € N

S((L‘n, Tn, xn—i—l) S ZS(J;n—lv Tp—1, xn)
for every 0 <1 < 1, then the sequence {xy} is a Cauchy sequence.

Proof. For every n € N and z,, 11 € X, we have

S(.’L’n, Tn, xn—i—l) < lS(l‘n_l, Tn—1, xn)

IN

l2S<.’L’n_2, Tn—2, xn—l)

IN

l”S(mO, xo, $1)-

Hence for every m > n and 0 <! < 1 we have, by the triangle inequality,

m—2
S(xn>$n733m) S 2 Z S(.’L’i,ﬂfi,l’i+1) + S(xmfbxmfla xm)
< 2+ 1M 1S (g, 2o, 1)
20"
< ﬁS(l'o,l‘o,iL‘l) — 0.

Therefore, for each € > 0, there exits ng € N, such that, for each n,m > ng
S(Zn, Tny Tm) < €.

These show that {x,} is Cauchy sequence in X. O
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Proposition 2.1. Let (X, S) be an S-metric space. Then (X, d, %) 1s a b-metric space, where

d(.%',y) = S(.%',:C,y),
for all x,y € X.

Proof. Since S (z,z,y) = S (y,y,x) it follows that d (z,y) = d(y,x). Further, d(x,y) > 0 as
well as d (z,y) = 0 if and only if z = y. We will prove that

A(r,) < 5 (d(a,y) +d(y,2)).
Indeed, according to (S2) we have (for each z,y, z € X)
d(z,y) = S(z,z,y) <2S(z,z,2)+ S (y,y,2)
= 2d(z,2)+d(y,2),
and
d(z,y) = S(yy.2) <28(y.y,2) + 5 (z,2,2)
= 2d(y,2z)+d(z,z2).

It follows that d(z,y) < 3[d(z,z) + d(y,2)], that is d is one b-metric on the nonempty set
X. ]

Corollary 2.1. Let (X,S) be an S-metric space. Then the b-metric d defined in Proposition
2.1 is a continuous function in both variables.

Proposition 2.2. Let (X,S) be an S-metric space. If the sequence {x,} in X is S-convergent
to z, then {x,} is an S-Cauchy sequence.

Proof. According to (S2) we have
S (T, Tny Tm) < 28 (Tn, Tn, ) + S (Tm, Tm, ) — 0, when both n,m — oo.

O

Proposition 2.3. Let (X,S) be an S-metric space. If the sequence {xy} in X be S-convergent
to x, then x is unique.

Proof. Let the sequence {x,} S-converges to some y € X,y # x. Then, according to the (S2),
we have

= 2S(zp,xn, ) + S (20, Tn,y)
— 04+0=0, when n — oc.

Hence, from (S1) follows that = y, a contradiction. O

Definition 2.3. Let (X,S) be an S-metric space. For r > 0 and x € X we define open ball
Bg (x,7) and the closed ball Bg [z,7], with center x and radius r, as follows respectively:
Bs(z,r) = {yeX:5(yy,x) <r},
Bslz,r] = {yeX:5(y,y,x)<r}.
Definition 2.4. Let (X, S) be an S-metric space. Let T be the set of all A C X with x € A if

and only if there exists an r > 0 such that Bg (x,r) C A. Then T is a topology on X (induced
by the S-metric S ).
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Proposition 2.4. Let (X, S) be an S-metric space. If r > 0 and x € X, then the ball Bg (z,7)
18 a T—open subset of X.

Proof. Let y € Bg (x,r). Hence S (y,y,z) < r. If we set 6 = S (z,z,y) and v’ = % then we
prove that Bg (y,r') C Bg (z,r). Let z € Bg (y,7’). Then S (z, z,y) < r’. Using (S2) we have

S(z,2,2) <25 (2,2,y) + S (z,2,y) <2r' + 5 =r.
Hence Bg (y,r") C Bg (z,7) . This means that the ball Bg (z,r) is an 7—open subset of X. O
Lemma 2.4. Let (X,S) be an S—metric space and let {x,} be a sequence in it such that

lim S (.’En+1, Tn+1, .len) = 0.
n—00

If {z,} is not an S-Cauchy sequence, then there exist an ¢ > 0 and two sequences {ny} and
{m} of positive integers such that the following sequences tend to e when k — oo :

{S (.Q?mk,l’mk,.ﬂfnk)}, {S (xmmxmkvxnk-‘-l)}: {S (xmk-i-h':vmk-l-l?xnk-‘rl)}a
{S (xmkfl’ Tmy—1, xnk)} y {S (mmkfla Tmy—1; mnkJrl)} PR

Proof. If {x,} is not an S-Cauchy sequence, then there exist an ¢ > 0 and two sequences {ny}
and {my} of positive integers such that

ng > mi >k, S (Tmy, Tmys Tng—1) < €, S (Tmy,, Tmy, Tn,) > € for all k € N.
From Lemma 2.1 and (S2),
e < STy Tmy, Tny) = S (Tngs Tngs Ty ) < 28 (T, Ty Ty —1) + S (T s Tomg s Ty —1)
< 25 (xn,, Tnys Tnp—1) e 0+e=c¢
when k — oo. Hence, S (T, Tm,,Tn,) — € as k — oco.
Similarly,
S (xmk’ xmkvxﬂk) =S (xnk7xnk7$mk> < 28 (xnkvxmw xn;ﬁ-l) +8 (xmk7xmk7xnk+1)
= S (Tmys Ty Trg+1) + 28 (Trg 41, Ty 415 Ty, 5
as well as
S (T s Tmy> Tng+1) = S (Trg+15 Tng+1, Ty, )
< 28 (Tny 115 Tog+15 Tny,) + S (T s Tng s Tny,) -
Hence S (2, Tm,,, Tny+1) — € as k — o0o.
Further, we have
S (@my> Ty, Trg1) < 28 Ty, Ty, Trmgg+1) + 5 (Tt 15 Ty +1, Tmye41)
and
S (xmk+17 Lmy+1, x”k“‘l) <2§5 (xmk+17 Lmy+1, xmk) +S (xnk“’l? Tng+1, ':Umk)
=285 (xmk+1’$mk+17xmk) + S (mmwwmwmnk-f—l)
from which it follows that S (%, +1, Tmy+1, Tny+1) — € as k — oo.
Similarly, we further obtain

S (xmmxmkaxnk-i-l) S 25 (xmkywmk; xmk—l) + S (xmk—la xmk—laxnk)

S (xmk—laxmk—laxnk) < 28 (xmk—ly-xmk—l?xmk) +95 (xmkaxmky$nk)>

that is., S (Tmy—1, Tmy—1,%n,) — € as k — o0.
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Finally, we have

S(xmk—hxmk—lymnk—f—l) S 2S (xmk—lvxmk—lvxmk) +S(xnk+1axnk+17xmk)

= QS (xmk—l7$mk—laxmk) +S($mk7$mka$nk+l)

and
S($mk7xmk7$nk+l) S 28 (xmkuxmk7xmk—1) +S(xnk+1axnk+17xmk—1)
= 25 (xmkal'mk’xmk—l) +S(xmk—1’xmk—la$nk+l)
that is., S (Tmy—1, Tmy—1, Tne+1) — € as k — oo. O

Analogous to metric spaces, the notion of S—compatible pair of self mappings (f, g) has been
introduced in the framework of an S—metric spaces in the following way.

Definition 2.5. [47] Let (X, S) be an S—metric space. A pair {f,g} is said to be S-compatible if
and only iflimy, 00 S (fgTn, gfxn) = 0, whenever {x,} is a sequence in X such that lim, o fz, =
limy,, oo gxn =t for somet € X.

Example 2.2. [47] Let X = [0, 1] be endowed with the S—metric S (x,y,z) = |z — z| + |y — z|.
Define f,g, R and T on X by

8 4 2
F@=(3) 0@ =(3) R@=(5) mdT@=3.
Then the pairs {f, R} and {g,T} are S-compatible, but they are not commuting.
Remark 2.1. It is clear that a pair {f, g} is S-compatible if and only if it is d— compatible,
where d is the b— metric introduced in Proposition 2.1.
The following proposition is a nice generalization of the corresponding result from metric
spaces in the framework of S—metric spaces. Our proof is different from [45].

Proposition 2.5. [45] Let (X,S) be an S-metric space. If there exists two sequences {x,}
and {yn,} such that lim, o0 S (Tp,Tn,yn) = 0 whenever {x,} is a sequence in X such that
limy, 00 T, =t for some t € X, then lim, o0 yn = t.

Proof. For the proof we use the b-metric introduced in 2.1. Therefore we have

2
-d (ynat) S d(yn,l‘n) +d($nvt)

3
= S(xn,n,yn) + S (Tn, 7p, 1)
— 0+0=0.
The result now follows since d (yn,t) = S (Yn, Yn, 1) - O

If (X, 9) is an S—metric space then X x X can also be endowed also with some new S—metric.
Namely, we have the following result.

Proposition 2.6. Let (X, S) be an S— metric space. Define Sy : X% x X? x X? —[0,00) and
Smax 1 X2 x X2 x X2 = [0,00) as

Sy ((.’E, y) ’ (U,U) ’ (pv Q)) = S (:B,u,p) + S (yv v, Q) and
Smax (#,9), (w,v), (p,q)) = max{S(z,u,p),S(y,v,q)}-
Then, (X2,5’+) and (XQ, Smax) are two new S—metric spaces.
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P?”OOf. Let S+ ((1’, y) ) (U,, U) ) (p7 q
y:U:q@('%y):(u?v):(
St ((z,9), (u,v), (p,q
< S+ (($>y) ) (l’,y) ) ((1, b ) + S+ ((uv U) ) (uv U) ) ((I, b)) + S+ ((p, Q) 3 (pv Q) 3 (CL, b)) )
b

for all (x7 y) ) <u7 v) ) <p7 q) ) (a'7 ) e X2'
Indeed, we have that

=0« S(z,u,p) =0and S (y,v,q) =0 x =u=p and
. Hence (S41) holds. We will further prove that

St ((z,y), (w,v),(p,q) = S (z,u,p) + S (y,v,q)
(S (z,2,a) + S (u,u,a) + S (p,p,a)] + [S (y,y,b) + S (v,v,b) + S (g, ¢, )]
S (v,v,b)] + [S (p, p,a) + S (¢, ¢, b)]

(S (z,2,a) + S (y,y,0)] + [S (u,u,a) + [S
=54 ((z,9), (%,9), (a,b)) + S+ ((u,v), (u,v), (a, b)) + S+ (. q) » (P, q) , (a, ).
That is, (S+2) holds. This means that (Xz, S+) is a new S—metric space if (X, S) is one.

For the function Spax we have the following. Define Smax ((z,v), (u,v), (p,q)) = 0. This is
equivalent to S (z,u,p) = 0 and S (y,v,q) = 0; that is, (z,y) = (u,v) = (p,q) . Hence, (Smax1)
holds. Further, we obtain
Smax (2, y) , (u,v) , (P, q)) = max {S (z,u,p), S (y,v,9)}
max {5 (z,2,a) + 5 (u,u,a) + S (p,p,a), S (y,y,b) + 5(
max {S (z,z,a),S (y,y,b)} + max {S (u,u,a),S (v,v,b)
max {5 (p,p,a),S(q,9,b)}

Smax ((2,9) , (%, ), (a,0)) + Smax (v, v) , (u,v) , (@, b)) + Smax (P, ) , (P, q) , (a, D)),

that is, (Smax2) holds.
The proof of Proposition 2.6 is complete finished. U

v,v,b) + S (q,q,b)}
}

IA N

+

For more information about S-metric space, we refer the reader to ([5]-[9], [15], [16], [22], [26],
[27], [31], [32], [34], [38], [46]-[48]).

In this section we use the concept of simulation functions (see [2], [17], [20], [21], [28]- [30]) to
present a very general kind of contraction on S—metric spaces, and we prove related existence
and uniqueness coincidence point results.

Definition 2.6. A simulation function is a mapping ¢ : [0,00) x [0,00) — R satisfying the
following conditions:

(€1) ¢ (0,0) = 0;

((2)C (t,s) <s—t forallt,s >0

(C2) If {tn},{sn} are sequences in (0,00) such that lim, ooty = lim, oo s, > 0, then
lim sup,,_, o ¢ (tn, $n) < 0.

For more details see [20].

Let Z be the family of all simulation functions ¢ : [0,00) x [0,00) = R.

Next we give some examples of the simulation function.
Example 2.3. Let ¢; : [0,00) X [0,00) = R,i =1,2,3,4 be defined by

(i) C1 (t,s) = (s)— @ (t) forallt,s € [0,00), where ¢, : [0,00) — [0,00) are two continuous
functions such that 1 (t) = ¢ (t) = 0 if and only if t =0 and ¢ (t) <t < ¢ (t) for all t > 0.

(ii) (2 (t,s) = s — # t for allt,s € [0,00), where f,g:[0,00) = [0,00) are two continuous
functions with respect to each variable such that f (t,s) > g (t,s) for all t,s > 0.
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(i1i) (3 (t,s) = s — @ (s) =t for all t,s € [0,00), where ¢ : [0,00) — [0,00) is a continuous
function such that ¢ (t) =0 if and only if t = 0.

() Cu(t,s) = 535 —t for all t,s € [0,00).

Then ; for ¢ = 1,2, 3,4 are simulation functions.

Definition 2.7. Let (X, S) be an S—metric space and let f,g: X — X be self-mappings. We
say that f is a (Z,g) —contraction if there exists a ( € Z such that

C(S (fz, fx, fy), S (92, 97,9y)) > 0 for all z,y € X such that gz # gy. (1)
Remark 2.2. If f is (£, g) — contraction with respect to some ¢ € Z, then
S(fx, fz, fy) < S (gz, gz, gy) for all z,y € X such that gz # gy, (2)

To prove (2) assume that gz # gy. Then S (gz, gz, gy) > 0. If fz = fy, then S (fz, fx, fy) =
0< S(gz,9z,9y).If fx # fy, then S (fz, fz, fy) > 0, and applying ((2) and (1), we have that

0<¢(S(fz, fz, fy), S (gz,97,9y)) < S (97, 9z,9y) — S (fx, fx, fy),
and (2) holds.

Now we prove that coincidence points of (Z, g) —contractions have the same image by ¢ and

£,

Proposition 2.7. If f is a (Z,g) —contraction in an S-metric space (X,S) and xz,y € X are
coincidence points of f and g, then fx = gr = gy = fy.

Proof. Suppose that gz # gy. Then S (gz, gz, gy) > 0. By (1), it follows that

0 <((S(fz, fz, fy), S (92,92, 9y)) = C (S (92, 97, 9y) , S (92, 97, 9y)) < O
(by (¢2)), a contradiction. O

Definition 2.8. Given two self-mappings f,g : X — X and a sequence {x,},~, C X, we say
that {x,} is a Picard-Jungck sequence of the pair (f,g) (based on zo) if fxn, = gxniq for all
n > 0. We say that X satisfies the CLR; 5 —property at a point o € X, if there exists on X a
Picard-Jungck sequence of (f, g)based on xg.

Two examples:

1. It is well known that, if f and g are two self-mappings such that f(X) C g (X), then
there exists a Picard-Jungck sequence of (f,g) based on any point zy € X. In order words, if
f(X) € g(X), then X satisfies the C LRy 5 —property at each point x € X. The converse it is
not true in general.

2. If g = Ix is the identity mapping on X, then there exists a unique Picard-Jungck sequence
of (f,g) based at each xp € X, which is given by z,+1 = fx,, for all n > 0. Therefore, X satisfies
the CLR; 5 —property at every point.

Definition 2.9. Let f,g be mappings on a S-metric space (X,S). We say that f and g are
S-compatible if limy, o0 S (f9Tn, gfxn) = 0 for all sequence {x,} C X such that the sequence
{gzn} and {fx,} are S-convergent and have the same S—Ilimit.

Now, we can prove the first new results in this framework.

Theorem 2.1. Let f be a (Z, g) —contraction in a S-metric space (X, S) and suppose that there
exists a Picard-Jungck sequence {x,} of (f,g). Also, suppose that at least one of the following
conditions holds.

(a) g(X) or f(X) is S-complete.
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(b) (X,S) is S-complete and f and g are S -continuous and S—compatible.

(c) (X,S) is a S-complete and f and g are S— continuous and commuting.

Then f and g have a coincidence point. Furthermore, either the sequence {gx,} contains a
coincidence point of f and g or, at least one of the following properties holds.

1. In case (a), the sequence {gz,} converges to u € g (X) and any point v € X such that
u = gv is a coincidence point of f and g.
2. In cases (b) and (c) the sequence {gz,} converges to a coincidence point of f and g.

3. CONCLUSION

The paper describes S-metric spaces and simulation functions in the context of S-metric
spaces.
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